Representations of discriminantal divisors by binary quadratic forms  by Brown, Ezra
OURNAL OF NUMBER THEORY 3, 213-225 (1971) 
Representations of Discriminantal Divisors 
by Binary Quadratic Forms 
EZRA BROWN 
Department of Mathematics, Virginia Polytechnic Institute and State University, 
Blacksburg, Virginia 24061 
Communicated by H. Zassenhaus 
Received September 29, 1969 
Discriminantal divisors are defined, and the question is asked: Which dis- 
criminantal divisors of a given discriminant d are represented by the principal 
for fi of d? Partial answers are given for d = 4kpq, p = q (mod 4) distinct odd 
primes and k a nonnegative integer. In addition, a complete parametric solution 
of p = x12 + x22 = -x32 + qx42 = x52 + qxS2 is given, whenever p and q are 
primes such that p is representable by xl2 + xza and xb2 + qxGz. 
1. INTRODUCTION 
In this paper, we continue the investigation initiated by Pall in [5], where 
the following question is asked: If f is a binary quadratic form of dis- 
criminant d, which discriminantal divisors of d are primitively represented 
by f ? We study this question for d = 4kpq, k a nonnegative integer and 
p = q (mod 4) distinct odd primes; in particular, we study the cases 
4 = 5 and 13. We shall d ea with the cases p 1 q (mod 4) at a later date. 1 
An ancipitalform is a form [a, b, c] in which b = 0 or b = a; ancipital 
forms fall into pairs of associates: [a, 0, c] and [c, 0, a] (type l), [a, a, c] 
and [4c - a, 4c - a, c] (type 2). If the first coefficient k of a primitive 
ancipital formfof discriminant d satisfies 4k2 < d (resp., k2 < d) iffis of 
type 1 (resp., of type 2), then k is called a discriminantal divisor, or DD, of 
d of type 1 (resp., type 2). The principal form of discriminant d is 
fi = [l, E, (c - WI, w h ere E = 0 or 1 E d (mod 4). All representations 
are primitive, unless otherwise noted. 
The above question is of interest to those interested in algebraic number 
fields; the existence of a unit of norm -1 in a quadratic field Q(v’& 
[2, p. 2231 is equivalent to the representability of the DD - 1 by the 
principal form of discriminant d. Perhaps taking the point of view that 
-1 is just another DD, and asking, “For which DD’s k of d does there 
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exist cx E Q( @) of norm k?’ would reward the seeker of units of norm 
- 1. The following gives the algebraic number-theoretic formulation of 
the problem. 
THEOREM 1.1. Let d be a positive, nonsquare, fundamental discriminant 
with principal form fi . Let k be a DD of d. Then fl represents k zjf there 
exists an element of Q( ti) of norm k. 
Proof. This follows from the fact that, if d is fundamental, then the 
norm of x + y&j in Q( fl) is either x2 + xy + (1 - d) y2/4 oE x2 - dy2/4, 
according as d is odd or even. 
2. NATURE OF THE DISCRIMINANTAL DIVISORS OF A GIVEN DISCRIMINANT 
THEOREM 2.1. Let d = 2np;l . . . p$ be a positive, nonsquare discriminant, 
where the pi are distinct odd primes, n >, 0, and ei > 1. Suppose k is a DD 
of d. 
(a) Ifp, ( k, thenpp (1 k. 
(b) If 2 1 k, then n 3 2 : 2 /I k if n = 2 or 3, and either 22 I/ k or 
2n-2 /I k if n 3 4. 
Proof. (a) Let US write d = p>q, k = pi%, with (pi, m) = 1 < S. 
There exists c, prime to k, such that d = -4kc or d = k(k - 4c), accor- 
ding as k is of type 1 or 2. Hence either 
pz’q = -4p,“mc, or p?q = pism(piSm - 4~); 
in either case, we observe that s = ei . 
(b) If d is odd, 2 {d, so k is odd; hence k even implies n > 2 
(recall d s 0 or 1 (mod 4)). Let us write k = 2Sm, d = 2”q, where 
(mq, 2) = 1 < s. If k is of type 1, there exists c, prime to k, such that 
2nq = -28+2mc; hence s = n - 2 and n > 3. If k is of type 2, there 
exists c, prime to k, such that 2”q = 2sm(28m - 4~); m and c are odd, so 
eithern=2ands=l,orn>,3ands=2orn-2. Q.E.D. 
COROLLARY 2.2. If d = 49, q odd, and if d has any even DD’s, then 
q = 3 (mod 4). 
The proof is straightforward and is omitted. 
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3. PRELIMINARY RESULTS 
The following useful lemma is proved in [5]. 
LEMMA 3.1. Every primitive ambiguous class of positive nonsquare 
discriminant d contains exactly two ancipital forms with positive first 
coeficient, and exactly two pairs of associate ancipitalforms in all. 
It can be deduced from Gauss that the number of ambiguous classes of 
a nonzero discriminant d is equal to the number of genera of d. The first 
coefficient of exactly one of a pair of associate ancipital forms of a positive 
nonsquare discriminant d is a DD of d; this can be deduced from the 
definition. Hence the total number of DD’s of d equals the number of 
pairs of primitive associate ancipital forms, which equals twice the number 
of primitive genera of d. Moreover, the principal class represents exactly 
one DD other than 1. 
We now study the cases d = pq and d = 4pq, where p = q (mod 4) are 
distinct odd primes. Since there are two genera, there are four DD’s (all 
odd, by Corollary 2.2), which are { f 1, +p} or { f I, &q}, according as 
p < q or p > q. In [5] it is shown that if d and ds2 have the same number 
of genera and the same DD’s, then the principal forms of d and ds2 
represent the same DD’s. Hence we shall treat d = 4pq and obtain results 
for d = pq at the same time. Now fi = [1, 0, -pq] represents p iff 
fi - [p, 0, -q], and so iff it represents -q. Likewise, fi represents q ifffi 
represents -p. Since our strategy is to fix a prime q, and study the problem 
for varying p, we may change the problem with no loss, asking, Which 
of { - 1, q, -q} is represented by the principal form of discriminant 4pq? 
Now fi represents -1, q, or -q exactly when fi - fi = [-1, 0, pq], 
fi - f3 = [q, 0, -p], or fi - f4 = t-q, 0, p], respectively. Hence fi must 
be in the genus of the appropriate fi , a fact used in the following: 
THEOREM 3.2. (a) If p = q = 3 (mod 4), then fi represents q or -q, 
according as (q / p) = 1 or - 1, and never represents - 1. 
(b) If p = q = 1 (mod 4), then fi represents -1 if (q j p) = 1; if 
(q / p) = 1, then fi may represent any of -1, q, or -q. 
Proof. This follows by considering the following table of generic 
characters: 
UlP) (f/4) 
AP) 
(CIIP) 
(--(?lP) 
(-:lY) 
(--Plq) 
(P/4) 
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To see the latter statement in (b), let q = 5 : in the cases p = 29,41, 
and 18 1, fi represents - 1, 5, and -5, respectively. 
In studying the case p = q = 1 (mod 4), (p I q) = 1, we find it useful 
to develop some algebraic machinery which connects f’ with forms of 
determinants 1, -q, and q. A Cantor diagram is a diagram of the form 
h, 5 h, 
h, z- h, 
where the hi are binary quadratic forms, T is a 2 x 2 matrix carrying 
h, into h, , and T’, the transpose of T, carries h, into h, . This idea 
originated with Georg Cantor [l] in 1868, but does not seem to have 
been noticed until used by Pall in [5], where the following proposition 
is proved. 
PROPOSITION 3.3. Zf 
h, -% h, 
h, :- h, 
is a Cantor diagram, and hi = [ai , 2bi , ci], then ala4 + 2blb4 + cic4 = 
a2a3 + 2b,b3 + c2c3 . (This number is called the Cantor invariant of the 
diagram.) 
Remark. A more general proposition than 3.3 may be proved by 
extending the definition of a Cantor diagram to n-ary forms in k variables. 
4. NECESSARY CONDITIONS THAT fi REPRESENT A 
GIVEN DISCRIMINANTAL DIVISOR 
THEOREM 4.1. Let p = q = 1 (mod 4) be distinct odd primes, and let 
q = A2 + B2, A odd, B even. Zf fi represents - 1, there exists x1 odd, x2 
even such that p = xl2 + x22, and either 
(a) (AxI + Bx2 I q) = 1, @xl - Ax2 I 4) = (2 I 41, or 
(b) (Ax, - Bx, I 4) = 1, @XI + Ax2 I 4) = (2 I 9). 
Proof. Let u2 - pqv2 = -1, with v > 0; then g = [pqv, 224, v] has 
determinant 1, so g N [I, 0, I]. Consider the following Cantor diagram: 
11, 0, 13 -L [PW 2% VI (det T = 1) 
h = [zl , 222 , ~1 s 11, 0, --Pql 
By Proposition 3.3, z1 + z = 0, so h, the image offi under T’, is of the 
form [zl ,2z2, -z,]. Since h --fi , pq = z12 + z22 (equating determi- 
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nants); h is primitive, so z1 is odd and z2 is even. Now p = 1 (mod 4) is a 
prime, so there exist x1 odd, x2 even such that p = xl2 + xz2, the xi being 
unique up to choice of sign. Hencepq = (Ax, i BxJ2 + (Bx, F Ax~)~ = 
Z12 + z22, in that order; also, h is in the genus of fi, and primitively 
represents z1 and 22, . From this follows the conclusion. 
THEOREM 4.2. Suppose there exist u, D such that u2 - pqv2 = q; then 
g = [pqv, 2u, v] has determinant -9, g.c.d. 2. Suppose g - [2, 2, (1 - q)/2]. 
Zf either (a)(2 / q) = 1, or (6)(2 I q) = --I and the least positive s1 such 
that r12 - qs12 = 4 is odd, then there exist x3 even, xq odd such that 
p -3 -xQ2 + qx,” and (x, I q) = (2 / q). 
Proojl The first statement is easy to verify, so let g N [2, 2, (1 - q)/2]. 
Consider the following Cantor diagram (det T = 1): 
12, 2, (1 - d/4 -L [PW 2% cl 
h = [a, 2b, c] z [I, 0, -pq] 
By Proposition 3.3, 2a + 26 + (1 - q) c/2 = 0, so there is a form 
h = [-b + (q - 1) c/4, 2b, c] -,fi , and hence pq = b2 + bc - (q - 1) c2/4. 
(a) If (2 1 q) = 1, then (q - 1)/4 is even, so b is odd, and c = 2x, 
is even. Hence pq = (b + xJ2 - qxz2; writing b + x3 = qx, , we obtain 
p = -xs2 + qxa2, with x4 odd and x3 even (p is odd). Since h is in the 
genus ofh 2 6, I 4) = (2 I 4). 
(b) Suppose (2 / q) = -1 and the least positive s1 such that 
r12 - qs12 = 4 is odd. If c is even, proceed as in (a). If c is odd, exactly 
one of (rl + s,)/2, (rl - s,)/2 is odd; without loss, suppose it is the 
former. Now apply the unimodular transformation b = (rl F sl) b,/2 + 
(q - 1) s,c,/4, c = s,b, + (rl 5 sJ c,/2, using the top (bottom) sign if b 
is even (odd). In either case, we obtain pq = b12 + b,c, - (q - 1) ci2/4, 
with c1 even, and may proceed as in (a). 
Remark. These are not strong hypotheses; every prime = 1 (mod 4) 
and less than 100, except 37, satisfies them. 
In contrast to the necessary conditions that fi represent - 1 or q, those 
for representing -q may be very complicated; if u2 - pqv2 = -9, then 
g = [pqv, 2~4, v] has determinant q, and may be in one of many classes, 
depending on h(q), the class number. In examining special cases one 
finds, by using Cantor diagrams, that p is represented by a form in the 
principal genus of determinant q, together with conditions made on the 
variables of that form. Primes for which the class number is high, such 
as 89 and 101, are not easy to treat. More tractable are the primes q = 5 
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and 13, for which h(q) = 2; we treat them in detail here. We may, however, 
prove the following general theorem: 
THEOREM 4.3. Suppose u2 -pqu2 = -4, where u > 0. Let g = [pqv, 224, u], 
gl = L 0, 41, and g, = 122, (q + 1)/21. If g - g,(g - g2), then there 
exist x5 odd (even), x6 even (odd) such that p = xb2 + qxe2, and 
(xc, I 4) = (P I d‘l = l(= (2 I 4)). 
Proof. These statements are proved by considering the following 
Cantor diagrams: 
gl(g2) Ag (det T = 1) 
h = [a, 2b, c] Afl 
5. SOLUTION OF A SYSTEM OF DIOPHANTINE EQUATIONS 
In the previous section we saw that the necessary conditions forfi to 
represent DD’s of d = 4pq involved representation of p by [l, 0, I], 
[ - 1 , 0, q], and perhaps [I, 0, q]. Any relationships among such representa- 
tions could be more easily discerned by obtaining a complete solution of 
p = x12 + x22 = --x32 + 4x42 = x52 + 4x62 (5.1) 
by expressions for the Xi in integral parameters, for the two cases with 
which we are concerned: (a) x1, x4, x6 odd, x2, x3, x6 even; and 
@I Xl 9 x, , x5 odd, x2, x, , x, even. To do this we study the solution of 
Xl2 + x22 = --x32 + 4x42 (5.2) 
and 
Xl2 + x22 = x52 + 4x62 (5.3) 
in case (a). Obtaining parametric solutions for each equation, we adjust 
the parameters to equate the two resulting expressions for x1 and those 
for x2 , which yields the desired result in case (a). Then we exhibit a para- 
metric solution of (5.1) in case (b), and prove its completeness. The 
method of solution involves properties of generalized quaternions and 
their associated norm-forms. For further details, see [4]. 
Tostudy(5.2)incase(a),weexaminetheequationqx,2 =x12 +x22 +xa2,and 
observe that x,i, + x2i2 + x& = Q is a quaternion of norm qxh2 in the 
Lipschitz ring of quaternions. The norm-form x2 + y2 + z2 + w2 is in a 
genus of one class [4, p. 3291, and x, is odd, so by Theorem 3 of [4] we 
may write Q = /3a, where u = t, + tlil + t2i2 + t& is unique up to a 
left-unit factor, and N(o) = x, . Q is pure, so -Q = Q = @, so 6 is a 
left-divisor of /?; hence we write Q = 570, where N(T) = q, and 7 is pure. If 
we write T = ai, + bi, + ci, , expand xlil + x2i2 + x& = %u, and collect 
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coefficients of i, , iz , and is , we find that x1 = a, x2 = b, x3 = c (mod 2). 
If we write q = A2 + B2, where A is odd and B is even, we see that the 
possibilities for T are f(Ail f Bi,) and f(Ai, i BQ. It is routine to 
verify that all parametric solutions of (5.2) (which must arise from the 
above choices of T by uniqueness of factorization of Q), except possibly 
for changes of the signs of x, and xq , can be obtained by using 
TV = Ai, + Bi, and TV = Ai‘ + B& . Using Q = GT~o, we obtain 
x1 = A(to2 + t12 - t22 - ta2) + 2B(t,t, + t,t,), 
x2 = 2A(-tot, + t,t,) + B(to2 + t22 - t12 - ta2), 
x3 = 2&t, + t,t,) + =-tot, + fd,), 
(5.4) 
xq = to2 + t12 + t22 + t,2 (one or three of the ti are odd). 
Using Q = ~T,u, we obtain 
x1 = A(t,2 + t,” - t22 - t32) + 2B(-tot, + t,t,), 
x2 = 2A(-tot, + t,t,) + 2B(t,t, + t,t,), 
x3 = 2A(t,t, + t,t,) + B(to2 + t32 - t12 - tz2), 
(5.5) 
xp = to2 + t12 + t,? + t,2 (one or three of the ti are odd). 
Since replacing T1 by T2 merely permutes x2 and x3 , we see that each 
of (5.4) and (5.5) yields all solutions of (5.2); they are merely different 
forms expressing the same numbers. Hence we may use either (5.4) or (5.5) 
in future endeavors. 
To study (5.3) in case (a), we examine the equation -qx,2=-x12-x22+x52, 
and observe that x,i, + x2i2 + x,i, = Q is a quaternion of norm -qxe2 in 
the quaternion ring for which il2 = i22 = -i32 = ili2i3 = 1. Proceeding as 
above (we do not need the norm-form to be in a genus of one class, as 
we shall see), we write Q = &o, where N(T) = -q and N(a) = x6 . If we 
take u = U, + u,i, + u,i, + u,i, and T = Ail + Bi, , we obtain 
x1 = A(uo2 + u22 - u12 - ~4~~) + 2B(u,u3 - u,u,), 
x2 = 2A(--u,u, - u1u2) + B(uo2 + u12 - u22 - u,~), 
x5 = 2A(-u,u, - u1u3) + 2B(u,u, - u,u,), 
(5.6) 
X6 = uo2 + u32 - Ul2 - Id22 (one or three of the ui are odd). 
This choice of T  yields the correct parities for the xi . To obtain complete 
solutions of (5.1) in case (a), we match the expressions for x1 and x2 in (5.4) 
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with those in (5.6) by taking u,, = t, , u1 = t2, u2 = -tl , u3 = t3. 
Applying this unimodular transformation to (5.6), we obtain 
x1 = A(t,2 + t,2 - t22 - t,2) + 2B(& + t,t,), 
x2 = 2A(-tot, + t,t,) + B(t,2 + t,a - t,2 - t,2), 
x3 = 2&t, + w3) + m--t,4 + t,t,), 
x, = to2 + t12 + tt2 + ts2, 
x5 = 2&t, - t2t3) + 2&t, + t,t,), 
X6 = to2 + ts2 - t12 - t22 (one or three of the ti are odd). 
(5.7) 
These expressions make the following an identity in case (a): 
Xl2 + x22 = --xa2 + 4x42 = x52 + 4x62. (5.8) 
Let p be a prime representable by xl2 + x22 and x52 + qxa2, such that x1 
and xs are odd, and x2 and x5 are even. Such expressions are unique up to 
sign change. Since the expressions for x, , x2 , x3 and x4 in (5.7) yield all 
solutions of (5.2) in case (a), and since the expressions in (5.7) yield an 
identity for (5.8), it follows that if p is a prime as above, all solutions of 
(5.1) in case (a) are given by (5.7). Two facts enable us to do this: the 
norm-form x4 is in a genus of one class, and representations of a prime by 
a sum of two squares and by a square plus a prime multiple of a square are 
essentially unique. 
To obtain a complete solution of (5.1) in case (b), we adjoin, to the 
expressions in (5.5), expressions for x5 and xg chosen by examining a few 
special cases and guessing at the “right” forms for x5 and x0 ; these make 
(5.8) an identity in case (b). 
x, = &to2 + t,2 - t22 - t,2) + 2B(-tot, + t,t,), 
x2 = 2A(-tt,t, + tit,) + wt,t, + f2f3), 
x3 = 2&J, + t,t,) + l3(t,2 + t,2 - t,2 - tz”), 
xp = to2 + I,” + t22 + ts2, 
x5 = A(t,2 + t32 - t12 - t,2) + 2B(-tt,t2 - t,t,), 
x0 = 2(- totI + t2t3) (one or three of the ti are odd). 
(5.9) 
Suppose p is a prime representable by x12 + x22 and x52 + qxa2 such 
that x1 and x5 are odd, and x2 and X, are even. By repeating the above 
argument, reading (5.9) for (5.7), we deduce that the expressions in (5.9) 
yield essentially all solutions of (5.1) in the case (b). 
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Using (5.7) and (5.9), we obtain the following: 
THEOREM 5. Suppose p, q, A, B, x1 ,..., x6 are as abozle. 
(a) Ifx, is odd, then (x1 + xg I q) = 0 or (2 I q) and (x2 + x5 j q) = 0 
or 1. 
(b) Zfx, is even, then (x1 + x, 1 q) = 0 or 1 and (x, + xj 1 q) := 0 
or (2 I 4). 
Proc$ To show (a), we use the expressions in (5.9) to show that, if X, 
is odd, then (x1 f xg j q) = 0 or (2A ( q) and (x, + x5 / q) = 0 or (A / q). 
For, according to (5.9), A(x, + x5) = 2(A2t02 - 2ABt,t, - A2tz2) z 
2(At, - Bt2)2 (mod q), so that (x1 + x5 1 q) = (2A 1 q); similarly, we show 
(x2$-x,iq)=Oor(A(q).Nowq=B2(modA),so(AIq) ==(q / A) =:= 1; 
also, if we write B = 2aC, C odd, then (B 1 q) = (2 1 q)” (C 1 q). Since 
q := A2 (mod C), (C 1 q) = 1; since q = A2 + 4%C’* 7 1 + 4e (mod 8), we 
have (2 I q) = (2 I 4)“; hence (B 1 q) = (2 I q). The statement (a) is 
immediate. (b) is proved in a like manner. Q.E.D. 
6. REPRESENTATION THEOREMS FOR q = 5 AND 13 
As noted in Section 4, there are only two classes of each of determinants 
5 and 13. Hence the conditions in Theorem 4.3 are exhaustive and 
exclusive. We use the machinery developed to prove the following theorem: 
THEOREM 6.1. Let q = 5 or 13. Let (p / q) = I, p :e 1 (mod 4) and 
fi = [l, 0, -pq]. Then 
(4 If P = xs2 + 4xe2, with x5 even, then fi never represents - 1; it 
represents q or -9, according as (p / q)4 = 1 or -1. 
(b) If (p 1 q)* == -1, then fi never represents q : it represents -- 1 
or -q according as p = xs2 + qxe2 with x5 odd or with xj even. 
(c) If (p / q)4 = 1, then fi represents q if p = xs2 + qxe2 with x, 
even: otherwise, any of the possibilities (fi represents -1, q, or -9) can 
occur. 
(d) In the case q = 5, if p = a2 + 25b2 with a even, then fi never 
represents - 5 : it represents 5 or - 1, according as (p I 5)4 = 1 or - 1. 
Proof is based on the following lemmas. First, we use Theorem 4.2 to 
prove 
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LEMMA 6.2. If p and q satisfy the hypotheses of Theorem 4.2, then 
(p j q)., = 1. Hence if there is only one class of forms of determinant q and 
g.c.d. 2, and if either (a) (2 I q) = 1, or (b) (2 I q) = -1 and the least 
positive solution s1 of r2 - qs2 = 4 is odd, then (p ( q)* = - 1 implies that 
fl does not represent q. 
Proof. If p and in satisfy the hypotheses of Theorem 4.2, then 
p = -x2” i- 9x4 2 = -xs2 (mod q), and (x3 ) q) = (2 I q). Hence 
(P I 914 = c-1 1914 c-Q2 Id4 = c-1 I 914 CG 14) = c-1 I 914 (2 14) = 19 
since (-1 / q)4 = 1 or - 1 according as p = 1 or 5 (mod 8). The second 
statement is a contrapositive of the first. 
We consider next the case q = 5, and use Theorem 5 to prove 
LEMMA 6.3. (a) If (p ) 5)4 = 1, then xg is even iff5 I x1 . 
(b) If(p/5),= -l,thenx,isevenzj-51x2. 
The proof is straightforward, if one observes that (p I 5) = 1 implies 
p is represented by xs2 + 5xs2, and in the representation of such p as 
xl2 + x22, either 5 j x1 or 5 1 x2 . 
Using this, we prove 
LEMMA 6.4. If either (a) (p I 5), = 1 and 5 I x1 , or (b) (p I 5), = -1 
and 5 ) x2 , then (xl -& 2x, 1 5) = -1, for either choice of sign. 
ProoJ If (a) holds, then p = xl2 + x22 = 5 + x22 = 1 (mod 20) 
implies x22 = 16 (mod 20), x2 = f4 (mod IO), and (x1 f 2x2 I 5) = 
(5 f 8 I 5) = (f3 I 5) = -1. If(b) holds, then p = xl2 + x,2 = xl2 = 9 
(mod 20) implies x1 zz f3 (mod 10). Hence (x1 f 2x2 I 5) = (+3 I 5) = -1. 
Proof of Theorem 6.1 ,for q = 5. (a) Suppose p = xs2 + 5xe2, with 
X, even. If (p I 5)4 = 1, then 5 I x1 , and if (p ) 5)4 = - 1, then 5 1 x2 , by 
Lemma 6.3. By Lemma 6.4, we then have (x1 f 2x2 I 5) = -1, which 
violates the necessary conditions in Theorem 4.1 for fi to represent - 1. 
By Lemma 6.2, if (p I 5)4 = -1, then fi never represents 5 (since the 
hypotheses of Theorem 4.2 are satisfied); hence fi represents -5. As there 
are only two classes of determinant 5, the conditions in Theorem 4.3 for 
q = 5 are exclusive and exhaustive. Hence if (p I 5), = 1 and x, is even, 
they are not met, so that fi must then represent 5. 
(b) Suppose (p ( 5)4 = -1; then fi never represents 5, by Lemma 6.2. 
If x, is even, then fi represents -5, by part (a). If x5 is odd, then by 
Theorem 4.3,f, does not represent -5; hence fi represents -1. 
(c) If (p 1 5)* = 1 and xg is even, then fi represents 5 by part (a). If 
x5 is odd, the following are examples offi representing each of -1,5, and 
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-5 : ifp = 10l,fI represents 5; ifp = 181,fI represents -5; ifp = 461, 
fi represents - 1. 
(d) Suppose p = a2 + 25b2 with a even. Then p = xc + xz2 with 
5 1 x1 . If (p / 5)4 = I, then xg is even, by Lemma 6.3, so fi represents 5 
by part (a). If (p 1 5)4 = -1, then xg is odd, by Lemma 6.3, sof; does not 
represent -5, by Theorem 4.3. Sincef, never represents 5 if (p I 5)4 = - 1, 
we conclude that -1 is represented. Q.E.D. 
Now we consider the case q = 13 : we will merely state the necessary 
lemmas without proof (proofs are similar to those of Lemmas 6.3 and 
6.4). 
LEMMA 6.5. Each condition in Column A implies the respective con- 
ditions in Columns B and C of the following table. 
A B C 
pmod13 ix, mod 13 &x, mod 13 
----___ .______--~~. ~-~-- ~-~. 
1 0, 1,7, or 11 1 
3 0,5,9,orll 4 
9 0, 3, 5, or 7 3 
4 0,1,9,orll 2 
10 0,1,3,or7 6 
12 0, 3, 5, or 9 5 
LEMMA 6.6. If the condition in Column A holds, then the conditions in 
Column B are equivalent to xj being even: 
A B 
p mod 13 :txl mod 13 
1 
3 
9 
4 
10 
12 
Oor 11 
0 or 5 
0 or 7 
1 or11 
3 or 7 
5 or 9 
LEMMA 6.7. rfp = xs2 + 13xe2, with x5 even, then (3x, & 2x, I 13) = -1, 
for either choice of sign. 
We use these lemmas to prove Theorem 6.1 for q = 13 in much the 
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same manner that we used the previous lemmas in the case q = 5; so we 
shall omit the proof. 
7. THE CASES d = 4kpq, FOR k > 2 
First we observe that among the DD’s of d = 4’“pq, k 2 2, are hA.ded 
&4”-l, f4”-‘q, and &4”-‘p, since [f4”-l, 0, T pq], [&4”-lq, 0, T p] 
and [f4”-lp, 0, T q] are all primitive ancipital forms of discriminant d. 
In addition, if k > 3, then [ f4k-1, f4”-l, F pq f4”-21, [ &4k-lq, -&4k-lq, 
F p f4k-2q], and [~t4”-~p, f4!+lp, ? q f4k-2p] are also primitive 
ancipital forms of discriminant d. In the following theorem, all represen- 
tations are primitive. 
THEOREM 7. Let d = 4’cpq, fi = [ 1, 0, -pq], and f2 = [I, 0, -4”-lpq]. 
(a) If p = q = 1 (mod 4), then fi represents -1 zx f2 represents 
-4k--1, fi represents -q #f2 represents --4”-lq, and fi represents q $Tfi 
represents --4”-lp. 
(b) If p = q = 3 (mod 4), then fi represents q IT ,fi represents 
4k-1q, and fi represents -q lf.f2 represents 4”-lp. 
Proof. (a) Suppose p = q = 1 (mod 4). If u2 - pqv2 = -1, with 
(u, v) = 1, then u is even and v is odd; hence (2k-l~)~ - 4”-lpqv2 = -4k-1, 
with (2k-1u, v) = 1. Conversely, if u2 - 4”-lpqv2 = -4k-1, with (u, v) = 1, 
then 4”-l 1 u2; hence u = 2”-‘a,, , and we have uo2 - pqv2 = - 1, with 
(ull 9 v) = 1. The proof that fi represents -q iff f2 represents -qk-‘q is 
almost identical. The last statement is proved by observing that fi 
represents q iff it represents -p and proceeding as in the above argument. 
(b) is proved in a similar manner; proof of the second statement 
uses the fact that fi represents -q iff it represents p. Q.E.D. 
Hence, if we know the behavior of d = 4pq regarding representation 
of DD’s by the principal form, then we can predict the behavior of 
d = 4’“pq, k # 1. In particular, we may restate Theorem 6.1, replacing fi 
by [I, 0, -4k-1pq]. 
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